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Abstract-The probabilities of extinction, weak extinction, permanence, and mutual exclusion 
are calculated for models with up to five species by examining one million randomly chosen discrete, 
competitive, Lotk+Volterra systems. The probability of permanence drops off very rapidly with the 
increase in the number of species. It drops to less than 1% with five species. The probability that at 
least one species will die out increases with the number of species. It reaches 95% with five species. 
When a group of species weakly dominates another species, the dominated species goes extinct. The 
probability that at least one species is weakly dominated is close to 50%. Mutual exclusion happens 
between 10% and 20% of the time when there are at least three species. @ 2004 Elsevier Ltd. All 
rights reserved. 
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1. INTRODUCTION 
With the expansion of human civilization, the habitat for many species is shrinking. In some 
cases, several species are forced to compete for the same resources. Similarly, when a new species 
is introduced into an existing environment, new competitive systems may be formed. Often! 
when new competitive systems are formed, there is a risk of one or more species going extinct. 
Understanding these new competitive systems will provide insight into preserving species. 
We can model the competition of several species using a simple discrete model of Lotka-Volterra 
type. This model is good for simple habitats but not for habitats with many patches or for large 
habitats where competition may not play as large a role. 
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We let x(t) = (xi(t), x2(t), . . . ,xCn(t)) denote the population densities of n species at genera- 
tion t. Consider the following model to get the population densities at the next generation: 
(1) 
This is a discrete model where the next generation is found using the population densities of the 
current generation. We consider the case where each Fi has the form 
where 
We say F%(x) is of Kolmogorov form since the population density of the next generation is found 
by taking the population density of the current population and multiplying it by some growth 
function which depends on the populations of all the species in the system. In this paper, we 
consider system (1) to be equation (1) with the growth functions defined in equation (3). 
We think of ri as an intrinsic growth rate, which controls how fast a species grows when popu- 
lations are small. The effect of species j on species i is modeled by the competition coefficient aij. 
For this system to model competition of viable species, we assume that the ri and the aij are 
positive. If ri < 0, then the species i would never grow and would eventually go extinct. In 
order to model competition between species, we would like the growth function of each species 
to decrease if the population density of one or more species increases while holding the other 
population densities constant. This will happen by choosing aij > 0 for all 1 5 i, j 5 n. 
In this paper, we are concerned with calculating the probabilities of various biological outcomes. 
These outcomes include having an equilibrium with all species present, extinction of species, and 
the permanence, weak extinction, and mutual exclusion of the system. 
We accomplished this by first mathematically defining extinction, permanence, weak extinction, 
and mutual exclusion. Systems were chosen randomly using four different probability distribu- 
tions. Then, applying theorems from [l-4], we determined the long-term behavior of the system. 
By analyzing a million different systems for each of the four probability distributions, we obtained 
our probabilities. 
The probability of permanence drops off very rapidly with the increase in the number of species. 
It drops to less than 1% with five species. The probability that at least one species will die out 
increases with the number of species. It reaches 95% with five species. When a group of species 
weakly dominates another species, the dominated species goes extinct. The probability that at 
least one species is weakly dominated is close to 50%. Mutual exclusion can occur when there 
are three or more species, happening between 10% and 20% of the time. 
2. BACKGROUND 
In order to calculate the probabilities of different dynamics for the model, we introduce notation 
and apply theorems. Let R+ be the interval [0, oo), and XT the positive cone for n-dimensions, 
i.e., R2”+ = {x E ?R2” ] xi 2 0 for 1 5 i 5 n}. 
We call the set of population densities in which a species i grows or remains constant for the 
next generation, N(Xi). This is the set where the growth function is greater than or equal to 1. 
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These sets are useful in determining the long-term behavior in these models. From equation (3), 
we see that this set is determined by the inequality 
j=l 
The boundary of this set, aN(Xi), is a hyperplane in n-dimensions. This hyperplane intersects 
each positive axis and divides LRSn, into two pieces. The bounded piece of 87 is made up of the 
population densities in which species i would grow in the next generation. The unbounded piece 
is made up of the population densities in which species i would decline in the next generation. 
Thus, starting with population densities below the plane, species i has additional resources 
which allow it to grow. Starting above the plane implies that there is a shortage of resources for 
species i and so it will decline in the following generation. Finally, starting on the plane, species i 
has the exact amount of resources necessary to replace the previous generation. 
Therefore, N(Xi) is the collection of population densities on and below the plane. Since each 
species behaves differently among its own kind and interacts differently between other species, it 
should not be surprising that each of the N(Xi) se s is different in general. Understanding how t 
these sets are situated among each other determines, in many cases, the long-term behavior of 
the system. Theorems from [l-4] h s ow that the configuration of the N(X,) will in many cases 
give the location of the w-limit sets of the orbits. For each point, x, the w-limit set of its orbit, 
denoted w(x), is the collection of points, y E w(x), such that there exists an increasing sequence, 
{&},“=i, where lirnidco Fta(x) = y. By knowing the location of the w-limit sets of the orbits, we 
can determine whether a species goes extinct or if a system exhibits weak extinction, permanence, 
or mutual exclusion. 
To calculate the probabilities of different long-term behavior, we generated one million random 
systems and determined their long-term behavior. One can produce random systems by choosing 
the r, and az3 from a random distribution. However, for our purposes, we are interested in 
determining the configuration of the N(Xi) sets. To do this we need only the axes intercepts of 
each BN(&) set. From equation (4), we see that the intercepts of BN(Xi) with the jth-axis are 
ri/aij, as shown in Figure 1. In order to come up with one random system we find n2 ratios of 
ri/aij. We chose these ratios from four types of distributions. 
Figure 1. The plane aN(A,) where species i remains constant. 
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TWO of these distributions are finite. One is a uniform distribution on [0, 11 and the other is 
a truncated normal distribution on [0, 11. The other two distributions are semi-infinite. One is 
exponential and the other is rational. See Table 1 for the distributions, which are similar to the 
ones used by Stadler and Happel [5]. 
Table 1. The four distributions (densities) used to produce random systems. 
Uniform 1, onO<z<l 
Exponential 2ze-Z2, onO<z 
Rational 
2x 
(“2 + 1)2 ’ 
onO<a: 
Truncated Normal & exp - 
( 
36(z - 0.5)2 
2 
> 
, onO<z<l 
3. EQUILIBRIUMS AND WEAK EXTINCTION 
In classifying each system, we first break up the systems into two groups. The first group 
consists of those that have a fixed point in which every species can exist in equilibrium, and 
the second group consists of those that do not have such an equilibrium. These equilibriums, 
or internal fixed points, are important in understanding the asymptotic dynamics of the system. 
Mathematically, we define a fixed point, x*, for system (1) to be such that x* = F(x*). 
Systems in which one or more species die out, no matter what the starting population densities 
are, are defined to be systems which exhibit weak extinction. It is possible that different initial 
population densities result in different species dying out for a given system. It is also possible 
to have systems in which starting at almost every initial condition leads to the demise of some 
species. However, systems that exhibit weak extinction are those in which starting with any 
positive quantity of each species results in one or more eventually dying out. Mathematically, we 
0 
say a system exhibits weak extinction if for each x E !J?T and for each y E w(x) there exists an 
1 < i 5 n where yi = 0. 
Chan and Franke [3] h s owed the connection between equilibriums and weak extinction in the 
discrete system (1). It was similarly shown for Lotka-Volterra differential equations by Hofbauer 
and Sigmund [6]. The foll owing result divides the systems into two separate groups: the ones 
with an interior fixed point and the ones that exhibit weak extinction. 
THEOREM 1. (See [3].) System (1) ex i i h b t s weak extinction if and only if it does not have an 
equilibrium population density with all species present. 
To implement this theorem we only need to determine whether there is an internal fixed point 
or not. This is done by solving a system of n linear equations and determining if it has a 
solution with all positive components. If there is no solution, or one or more of the components 
is nonpositive, then at least one species will die out in the system. 
In a two-dimensional system, there are two basic configurations for aN(&) and G’N(X,). These 
are shown in Figure 2. 
As one can see in the first configuration, there is an equilibrium, or an internal fixed point, 
with both positive components. The second configuration does not have an internal fixed point. 
It is reasonable that each configuration is equally likely, so we have that the probability of having 
an internal fixed point is 50% and having weak extinction is 50%. 
The results are presented in Table 2. Since the two-dimensional system is simple we did not 
generate random systems for this case. 
The obvious consequence of the above-mentioned table is that the possibility of having an 
internal fixed point decreases significantly as the number of species increases. It is interesting to 
note that the percentage of cases that have a fixed point for n species is approximately 2+. 
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Figure 2. Possible configuration for the i3N(A,) in a two species system 
Table 2. Probabilities of a system having a fixed point with all species present and 
the probabilities of a system having weak extinction. 
It is important to note that even though a system has a fixed point, in many cases there will be 
species dying out at various initial conditions. However, mathematically, Theorem 1 states that 
if system (1) has no interior fixed points, then it is impossible for all the species to survive in the 
long run. So, in nearly 95% of the systems with five species there is no chance of coexistence of 
all five of the species. 
The chance of coexistence of all species will continue to drop for systems with more than five 
species. Later we will show that for systems with just five species there are many cases where we 
do not have the tools to completely determine their asymptotic dynamics. For these reasons, we 
choose to stop our investigation with models with five species even though our results hold for 
general models with n species. 
As man changes the environment and forces more species to compete for the same resources, 
there is a very large probability that some of the species will die out. Similarly, it may happen 
that one or more species die out if a new species is introduced into a new environment. On the 
other hand, if one is studying a very stable environment where many generations have occurred, 
the resulting system is likely to be very far from being random. In such situations it is possible 
to find many species coexisting. 
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4. PERMANENCE 
If the system is not exhibiting weak extinction, then there is a possibility of all the species 
coexisting. For some systems, it depends on the initial population densities. However, there are 
systems where all the species will persist independent of the initial population densities. We say 
these systems exhibit permanence. Mathematically, we say a system exhibits permanence if every 
species persists. Species i persists if there exists a number 77 > 0 such that liminfk,, F/(x) > n 
for all x where every species is present. 
So, in a system which exhibits permanence, no species dies out. Each population density 
gets larger than some number and stays larger than that number. For further information on 
persistence and permanence, see [3,4]. 
By checking a necessary condition and then a sufficient condition for permanence, we find upper 
and lower bounds for the probability for permanence. Both methods involve examining the fixed 
points on the boundary of the system. The boundary of the system is where one or more species 
are extinct. We first determine whether these fixed points are attracting from the interior. If a 
fixed point is attracting from the interior, then there would be at least a neighborhood of initial 
population densities with all the species present that is attracted to this fixed point. In this case 
at least one species goes extinct and the system does not exhibit permanence. 
On the other hand, if none of the boundary fixed points are attracting from the interior, then 
there is a possibility of the system exhibiting permanence. Thus, we have a necessary condition 
on the boundary fixed points for determining permanence. Geometrically, we can determine 
whether a boundary fixed point is attracting from the interior by examining the aN(Xi). 
We first note that the boundary fixed points are the intersections of the boundary with 1 to 
n - 1 of the dN(Xi). These fixed points are attracting from the interior if the aN(Xi), which are 
not used in the intersections producing the fixed points, are below the fixed point. 
For instance, consider the fixed point (q/all, 0,O) in Figure 3. In order for this fixed point 
to be attracting from the interior, population densities (~/air, E, E), for small E, must approach 
(Ti/air, 0,O). This means that both of the planes aN(X2) and aN(Xs) must be below the point 
(n/w, O,O). 
Hofbauer et al. [4] f ound sufficient conditions for having a system exhibit permanence. 
Figure 3. Fixed point (q/all, 0,O) is an attracting fixed point. 
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THEOREM 2. (See [4].) Supp ose, there exist real numbers cl, ~2, . . . , c, > 0 such that 0 < 
cy:, Ci(?-i - cp”=, aijq f or each equilibrium point x* E %?T. Then, all of the species persist. 
If x* E N(X,), then ri - Cy=, crijz; > 0, and it is 0 if and only if x* E aN(Xi). The hypothesis 
of this theorem is satisfied if all the equilibrium points on the boundary of ?I?? are in each N(X,) 
and not in the boundary of at least one of them. Since the equilibrium points are determined 
by intersections of the dN(Xi), the positions of these sets provide this sufficient condition for the 
permanence of the system. Our computer program finds the equilibrium points and checks their 
position relative to the G’N(A,). F’g 1 ure 4 is a three species model with permanence. 
Figure 4. An example of permanence in a three species model. 
Table 3. Upper and lower bounds on permanence. 
2-D 50% 25% 25% 
3-D Uniform 23.75% 3.263% 5.273% 
1 3-D Exponential I 24.39% I 2.992% I 5.691% I 
3-D Rational 
3-D Normal 
24.56% 2.974% 5.815% 
26.60% 2.868% 5.850% 
I 4-D Uniform I 11.09% I 0.2748% 1.044% I 
4-D Exponential 
4-D Rational 
4-D Normal 
5-D Uniform 
5-D Exponential 
11.80% 0.1995% 1.210% 
11.92% 0.1876% 1.269% 
12.00% 0.1685% 1.315% 
5.227% 0.0199% 0.6613% 
5.716% 0.0157% 0.7684% 
5-D Rational 
5-D Normal 
5.826% 0.0145% 0.8078% 
5.870% 0.0138% 0.8270% 
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Table 3 gives the results in terms of the total probabilities of all the cases. We repeat the 
first column from Table 2 which gives the probability of having a fixed point in the system. The 
last two columns are the lower and upper bounds of the probabilities of a system exhibiting 
permanence. 
From the table, one sees that the chances of five species coexisting in competition with one 
another is very small. Even with only four species the probabilities are very small. As a rough 
estimate, the lower bound probabilities drop by a factor of ten, and the upper bound probabilities 
drop by a factor of five. 
One sees from this that large systems of species that compete for the same resources and 
survive are very rare, and by far are the exception rather than the rule. As we mentioned in 
the previous section, the chances of having a possibility of coexistence at some initial population 
densities is small. Here, we see the chances of permanence between the species is much smaller. 
5. EXTINCTION AND WEAK DOMINANCE 
We have seen that at least a majority, and for higher dimensions, most cases involve weak 
extinction. Recall that weak extinction implies that no matter what the initial population density 
is, one or more species will die out. We now want to determine whether species are going extinct. 
We say a species will go extinct if no matter what the initial population densities are, the 
population density of that species will go to zero. Mathematically, we say species i goes extinct 
if for all x E !J?T, 
W(X) c sp, 
where S;..k is defined to be part of the boundary were species j through species Ic are extinct, 
i.e., ST,,k = {x E !l?T 1 ICY = 0 for j 5 i 5 Ic}. (Note there is a mathematical difference between 
a system in which a specific species goes extinct and a system in which at least one species dies 
out.) 
Sufficient conditions for showing that a species goes extinct is to show the species is weakly 
dominated. We say a species i is weakly dominated by one or more species 1,2,. . . , Ic if at every 
population density where species i is growing or remaining constant for one generation, there is 
a species j E { 1,2, . . . , k} that is growing. Franke and Yakubu showed in [l] that if one species 
weakly dominates another species, the latter will go extinct. These results are extended to more 
general systems in [7]. 
THEOREM 3. (See 111.) For system (l), assume species k weakly dominates species n, then 
species n goes extinct. 
Chan and Franke showed a similar result for a group of species driving another species to 
extinction. 
THEOREM 4. (See 131.) If species 1,2,. . . , k weakly dominate species n, then species n goes 
extinct. 
The hypothesis of Theorem 3 is easily seen to be a condition on the intersections of the aiV(Xi) 
with the axes. These intersections are given by ri/aij. If one species j weakly dominates another 
species i then rj/ajk > ri/aik for all k. For example, species j is weakly dominating species i in 
Figure 2b. Thus, we know by Theorem 3, species i will go extinct. 
Using Theorem 4 is more difficult. For two species to weakly dominate a third in a three- 
dimensional model, it is not sufficient to check the relative positions of the dN(Xi) on the axes. 
As we see in both Figures 5 and 6, bN(Xs) is below either aN(X1) or BN(X2) on each of the 
axes. However, in Figure 5 Species 3 is weakly dominated where as in Figure 6 Species 3 is not 
weakly dominated. In fact, in Figure 6 the point P is locally attracting from the interior. This 
gives some initial population densities where Species 3 will not die out and so Species 3 will not 
go extinct in this model. 
Probabilities of Extinction 373 
Figure 5. Species 3 is weakly dominated by Species 1 and 2, but not 
separately. 
by one 
Figure 6. Species 3 is not weakly dominated by Species 1 and 2 
In order to use Theorem 4 in three and higher dimensions, we develop a way to establish weak 
dominance. We show how weak dominance by a group of species can be built up from knowing 
some similar conditions on the faces of Ri”+. We say species 1,2, , k weakly dominate species 1 
on the subspace Sy of !J?T if 
N(X1) n Sj” c fi int(N(Xi)), 
i=l 
where int(N(Xi)) = N(X,) - 8N(Xi) 
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THEOREM 5. If species 1,2,. . , k weakly dominate species 1 on each subspace Sy, j = 1,2,. . . , n, 
and there is a,t least one point of aN(Xl) in of, int(N(&)), then species 1,2,. . . , k weakly 
dominate species 1 on 927. 
PROOF. Let p be a point of aN(Xl) in nf=, int(N(Xi)). If p s ecies 1 is not weakly dominated 
by species 1,2, . , , k, there exists a q in dN(&) that is above aN(Xi) for each i = 1,2,. . . , k. 
Consider the ray p> which is contained in aN(Xl). Th e ray starts below each aN(&) and ends 
above it. As the ray is continued from q it must stay above all these planes. But, eventually it 
hits an ST. But, on SF all points of aN(x ) l are below at least one of the dN(Xi). This gives the 
contradiction. 
This theorem is used on each of the 5’7 to establish that a group of species weakly dominates 
another species on each Sy, and then again to show that the group weakly dominates on all 
of !R”+. In practice, what is done to show that a group of species weakly dominates species 1 is 
to show weak dominance on all one-dimensional subspaces, then all two-dimensional subspaces, 
etc. The hardest step, in some cases, is to find a point on aN(Xl) that is below the other planes. 
One place to start is to look for points of intersection of these other planes. If there is such a 
point of intersection, construct the ray from the origin through it. This ray will intersect aN(Xl) 
in one point. It is easy to check which of these two points is closer to the origin. If the point on 
dN(Xl) is farther from the origin, then we do not have weak dominance. If it is closer, we can 
use the theorem. 
Two corollaries of Theorem 5 are also useful. 
COROLLARY 6. If species k weakly dominates species 1 on each one-dimensional subspace, then 
species k weakly dominates species 1 in 9??. 
COROLLARY 7. If two species j, k weakly dominate species 1 on each two-dimensional subspace, 
then species j, k weakly dominate species 1 on 327. 
The results for one or more species driving another species to extinction via weak dominance 
are summarized in Table 4. 
To calculate the probabilities in Table 4, we start by determining if one species weakly domi- 
nates another species in the system. These systems are accounted for in the column “one driving 
one”, but are not accounted for in the other columns except the last one. Column “two driv- 
ing one” accounts for those systems where two species weakly dominate another, but no one 
species weakly dominates another. Systems are accounted for in the column corresponding to 
the minimum number of species required to weakly dominate another species. 
The last column in Table 4 shows that usually at least one species gets driven to extinction a 
majority of the time by one or more species weakly dominating them. We note here that weak 
dominance is not a necessary condition for extinction, but it is a sufficient condition. In general, 
the probability of a species going extinct is higher than the probability of a species being weakly 
dominated. 
If one species is going extinct in a system, it is possible that a second species may also go 
extinct. For example in Figure 7, Species 1 weakly dominates Species 2. So, Species 2 goes 
extinct. On the submodel Sz, Species 3 weakly dominates Species 1 but it does not weakly 
dominate Species 1 on !Rt. Does Species 1 go extinct? The answer to the question is yes. This 
was shown by Chan and Franke [3]. A similar result for differential equations was shown by 
Zeeman [8]. 
THEOREMS. (See[3].) Ifspeciesn-k+l,n-k+2,..., n are going extinct and species 1 5 n - k 
is weakly dominated by species 1,2, . , 1 - 1 on RT-“, then species 1 goes extinct. 
Essentially this theorem allows us to remove a species, if it is determined to be going extinct, 
and look at the submodel with that species missing. This submodel can be analyzed in the same 
way as the original model. 
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Table 4. Extinction of species using weak dominance. 
Figure 7. Species 1 and 2 going extinct 
Table 5 gives the probabilities of having multiple extinctions due to having weak dominance on 
the full and submodels. It shows that for five species models, at least 5-7% of the time there will 
only be one species remaining. Table 4 shows that a species is weakly dominated by one or more 
species a majority of the time or approximately 50% of the time. As we see here in Table 5, if 
one or more species are going extinct, then there are additional extinctions via weak dominance 
about 50% of the time. 
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Table 5. Extinction of many species using weak dominance. 
Since there are more cases where species go extinct that are not weakly dominated, these 
numbers underestimate the probabilities for species going extinct in three-dimensional models 
and higher. Comparing these underestimates with the upper bounds for the probabilities for 
permanence, we see that it is at least five to tens time more likely to have all but one species 
survive by itself than it is to have all of them coexist. 
6. MUTUAL EXCLUSION AND OTHER WEAK EXTINCTION 
Some cases of systems exhibiting weak extinction have no extinction at all. In particular, some 
systems exhibit mutual exclusion. Systems that exhibit mutual exclusion are systems where no 
matter what the initial population densities are, one or more species will die, but not the same 
species will die out in every case. In fact, for each species there is an initial population density 
from where it will not go extinct. Mathematically, we say a system exhibits mutual exclusion if 
the system exhibits weak extinction and for each species 1 5 i 5 n there exists an xi E !J?T with 
all species positive such that there is a y E w(x’) where yi # 0. 
So, with any initial condition at least one species will die out; and for each species 1 5 i 5 n 
there is a starting initial condition in which each species i survives. This implies that no species 
will go extinct. In Figure 8, we see that each of the axes’ fixed points is locally attracting from 
the interior. So, for each species there are initial population densities where it survives and the 
others die out. 
In order to determine whether a system exhibits mutual exclusion, we examine the boundary 
fixed points. We first determine which boundary fixed points are attracting from the interior 
by examining whether it is above or below the appropriate dN(Xi) planes. We then check to 
see if there are boundary fixed points where every species can survive. So in cases in which the 
system exhibits mutual exclusion there are two or more boundary fixed points that are attracting 
from the interior where each species can survive in the long term depending on what the initial 
population densities are. 
Table 6 gives the probabilities of a system exhibiting mutual exclusion and the percentage 
of the cases that exhibit weak extinction, but are not classified as having extinction or mutual 
exclusion. 
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Figure 8. An example of mutual exclusion. 
Table 6. The probabilities of mutual exclusion and other cazes of weak extinction. 
For systems of three or more species, the probability of having mutual exclusion increases 
slightly with dimension. The more interesting numbers are in the last column. This shows that 
as the dimension increases there are larger and larger percentages of cases of weak extinction 
that are not classified as having extinction via weak dominance or mutual exclusion. These cases 
make up nearly half of the cases for models with five species. 
We are interested in determining what is occurring in these cases. We suspect there are many 
cases where species are going extinct. We do not have many tools to determine these extinctions. 
We do suggest one in [3]. If one can show the system exhibits weak extinction and show that all 
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but one species must persist, then this implies that one species must go extinct. This idea is very 
difficult to implement. 
There are some open questions to examine. Are there other ways to determine whether species 
are going extinct? We feel that there could be many possibilities of proving extinction and finding 
clever ways of implementing them. 
What different types of asymptotic behavior are occurring in these cases? Since such a large 
percentage of the higher-dimensional cases fall into this category, there may be many different 
and interesting types of asymptotic dynamics occurring that we have not yet seen. It would be 
interesting to discover what these are, and find what criteria one could use to determine whether 
they are occurring. 
7. DISCUSSION 
We take the tools developed by [l-4] an d create an algorithm that utilizes these tools to describe 
the asymptotic behavior of some random systems. These random systems are produced by picking 
the parameters of the model using four different distributions. Two of these distributions are 
finite and two are infinite. The shapes of these distributions vary as well. 
Each probability in the tables comes from investigating one million cases. Several sets of one 
million cases are computed to see if any significant change in the probabilities would occur. In 
most cases the probabilities change by less than one percent. So, we are confident that the 
number of cases is sufficiently large to estimate the probabilities. In nearly all of the tables, the 
four different probability distributions give very consistent probabilities for the same dimensional 
models. So, we are also confident that the basic observations of this paper are independent of 
the underlying distribution. 
We are interested in predicting the long-term behavior of each system. In particular, we look 
for systems which exhibit permanence, weak extinction, and mutual exclusion. We also look for 
systems that have species driving other species to extinction. 
Our main tool for showing that a group of species drives another species to extinction is weak 
dominance. This happens when at least one in the group is growing any time the dominated 
species is growing or remaining constant. We find that in the majority of the cases at least one 
species is weakly dominated. And if some species is weakly dominated, there is close to a 50% 
chance that another species is driven to extinction as well. 
We find that the chance of having many species coexist is extremely small and we produce 
upper and lower bounds of the probability of performance. Although we do not calculate the 
probabilities for systems with more than five species, we believe that the general trend will 
continue leading to the probability of permanence for these systems being much less than 1%. 
We also calculate the probabilities of a system to exhibit weak extinction. This property implies 
that no matter what the initial population densities are, one or more species will die out in the 
long-term. Our calculations show that these probabilities are significant and eventually become 
dominant in systems with many species. 
In the systems which exhibit weak extinction, we see that there is a small but significant number 
of cases that exhibit mutual exclusion when there are at least three species. In the remainder of 
these cases, which becomes large for models with many species, we do not have tools that can be 
used to determine their long-term behavior. 
This leaves us with many questions about these other cases of weak extinction. However, 
we find that a majority of the time species are driven to extinction by their competitors. The 
likelihood of having coexistence in these models becomes very slim as the number of species rises. 
Thus, as man changes the environment and forces more species to compete for the same resources, 
we must expect that some species will be forced to extinction. We reach the same conclusion if 
new species are randomly introduced into competitive environments. 
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